Introduction
Systems of quasilinear hyperbolic PDE (conservation laws) ". . . the umbilical cord joining Continuum Physics with the theory of partial differential equations should not be severed . . . "
C. Dafermos
This talk:
A mathematical view of conservation laws Some analytical results
Some puzzling challenges
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Mathematics vs Physics
View from physics vs View from mathematics "trust conservation principles"
"quasilinear hyperbolic eqns in divergence form have advantages (well-defined weak solutions)"
Adiabatic, compressible, ideal gas dynamics as an example ρ t + (ρu) x + (ρv) y = 0 (ρu) t + (ρu 2 + p) x + (ρuv) y = 0
Variables ρ (density), (u, v) (velocity), and p (pressure)
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Form and Features
General form
Discontinuities arise from smooth data; are not on chars but on a nonlinear version; are not invariant under (nonlinear) mappings Time-symmetry is broken in a system that is formally time-reversible Admissibility defined via "entropy" or "dissipation" 
Weak Solutions
Linear theory:
1. Sobolev spaces are useful -W s,p , often with p = 2 2. "weak convergence" is useful, and is a different concept from "weak solution"
3. combine with regularity to get classical solutions (especially for elliptic equations)
Three difficulties with nonlinear equations: 
Irreversibility and Entropy
Complete defn of weak solution known in one case: scalar
and more:
Vanishing viscosity
Riemann Solutions
Self-similar: ξ = 
Large Data
Things go wrong; here's an example (K-Kranzer)
Isothermal GD (γ = 1) use specific enthalpy q(ρ) = A log ρ
Conserve u (velocity) and v = 1 2 u 2 − q = 1 2 u 2 − log ρ, (cvx fn of u and ρ): 
Multidimensional problems
Quasilinear systems in more than one space dimension
Linear & semilinear: W s,2 theory for smooth data (short time for QL)
What's wrong with A j A k = A k A j ? No physically interesting system has this property. t r a n s p o r t 
Self-similar Approach to 2-D CL
• Canic, K, Kim, Jegdic, Tesdall • T Chang (D Zhang), J-Q Liu • S-X Chen • Y Zheng, K-W Song • G-Q Chen & M Feldman • T-P Liu, V
Isentropic gas dynamics
ρ t + (ρu) x + (ρv) y = 0 (ρu) t + (ρu 2 + p) x + (ρuv) y = 0 (ρv) t + (ρuv) x + (ρv 2 + p) y = 0 (ξ, η) = (x/t, y/t) (U, V ) = (u − ξ, v − η) Elliptic equation for ρ (where (u − ξ) 2 + (v − η) 2 < ρ 2 ): (U 2 − c 2 )ρ ξξ + 2U V ρ η + (V 2 − c 2 )ρ ηη + . . . = 0 Transport system for (U, V ): (U, V ) · ∇U + p ξ /ρ + U = 0 (U, V ) · ∇V + p η /ρ + V = 0 Free boundary (reflected shock): shock evolution + OD BC dη dξ = U 0 V 0 − √ s 2 (U 2 0 +V 2 0 −s 2 ) U 2 0 −s 2 β(ρ, U, V ) · ∇ρ = F (ρ, U, V ) Solution (local) in
Guderley Mach Reflection
• Classical: mention of 'rarefactions' (Guderley)
• UTSD model for weak shock refl: only wave available is a rarefaction (Canic-K conjecture, 1998, no evidence) 
